Imperfection sensitivity is essential for mechanical behaviour of biopolymer shells characterized by high geometric heterogeneity. The present work studies initial post-buckling and imperfection sensitivity of a pressured biopolymer spherical shell based on non-axisymmetric buckling modes and associated mode interaction. Our results indicate that for biopolymer spherical shells with moderate radiusto-thickness ratio (say, less than 30) and smaller effective bending thickness (say, less than 0.2 times average shell thickness), the imperfection sensitivity predicted based on the axisymmetric mode without the mode interaction is close to the present results based on non-axisymmetric modes with the mode interaction with a small (typically, less than 10%) relative errors. However, for biopolymer spherical shells with larger effective bending thickness, the maximum load an imperfect shell can sustain predicted by the present non-axisymmetric analysis can be significantly (typically, around 30%) lower than those predicted based on the axisymmetric mode without the mode interaction. In such cases, a more accurate non-axisymmetric analysis with the mode interaction, as given in the present work, is required for imperfection sensitivity of pressured buckling of biopolymer spherical shells. Finally, the implications of the present study to two specific types of biopolymer spherical shells (viral capsids and ultrasound contrast agents) are discussed.
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Imperfection sensitivity is essential for mechanical behaviour of biopolymer shells characterized by high geometric heterogeneity. The present work studies initial post-buckling and imperfection sensitivity of a pressured biopolymer spherical shell based on non-axisymmetric buckling modes and associated mode interaction. Our results indicate that for biopolymer spherical shells with moderate radiusto-thickness ratio (say, less than 30) and smaller effective bending thickness (say, less than 0.2 times average shell thickness), the imperfection sensitivity predicted based on the axisymmetric mode without the mode interaction is close to the present results based on non-axisymmetric modes with the mode interaction with a small (typically, less than 10%) relative errors. However, for biopolymer spherical shells with larger effective bending thickness, the maximum load an imperfect shell can sustain predicted by the present non-axisymmetric analysis can be significantly (typically, around 30%) lower than those predicted based on the axisymmetric mode without the mode interaction. In such cases, a more accurate non-axisymmetric analysis with the mode interaction, as given in the present work, is required for imperfection sensitivity of pressured buckling of biopolymer spherical shells. Finally, the implications of the present study to two specific types of biopolymer spherical shells (viral capsids and ultrasound contrast agents) are discussed.
Introduction
Viral capsids and ultrasound contrast agents (UCAs) are two important examples of biopolymer spherical shells in the nano-micrometre scale. Viral capsids are selfassembled nanostructures consisting of a protein shell to 2 rspa.royalsocietypublishing.org Proc. R. Soc. A 
protect the genetic material inside [1] , which can sustain the megapascal-range inwards and outwards osmotic pressure [2] . UCAs, composed of a thin biocompatible shell that encapsulates an inert gas, are widely used and researched as carriers for target drug and gene delivery [3, 4] . The study on pressured buckling and rupture of the capsid is of particular interest as they determine the resistance to osmotic shocks and the maximum ejection pressure of DNA in the host cell [2] , which is relevant in understanding their biological functions such as protecting genetic materials, maturation, and infection of cells [5] . Emerging biomedical applications (e.g. perfusion imaging, drug delivery [3, 4] etc.) involving UCAs rely on an understanding of pressured buckling and rupture of UCAs at or above a predetermined incident acoustic pressure [6, 7] . No doubt, it is of practical significance to study pressured buckling of biopolymer spherical shells under external radial pressure and the influence of such pressured buckling on their biological functioning [6] [7] [8] [9] .
A common key feature of biopolymer spherical shells is their high geometric heterogeneity, such as inhomogeneity and geometrical imperfection of polymer-shelled UCAs confirmed by scanning electron microscopy [10] , as well as high geometric non-uniformity of spherical virus shells revealed by X-ray crystallography [11] and cryotransmission electron microscope tomography [12] . The effect of high geometric heterogeneity on mechanical properties, stability and failure of biopolymer spherical shells is a topic of biophysical relevance. For example, Chitnis et al. [6, 7] showed that geometrical imperfection influences the rupture load of polymershelled UCAs by the static pressure experiments. Wan et al. [13] studied how the stability of spherical crystalline shells under external hydrostatic pressure is influenced by the geometrical defects using Monte Carlo and conjugate gradient simulations. Klug et al. [14] , Gibbons et al. [15] and Gibbons & Klug [16, 17] demonstrated by finite-element simulations of atomic force microscopy (AFM) indentation that capsid geometric heterogeneity can have significant effects on the mechanical failure of viral capsid. May et al. [18] and May & Brooks [19, 20] revealed nonuniform elastic properties of spherical viruses due to the heterogeneity of the structure and the anisotropy of the biomolecular interactions through molecular dynamics simulation based on a buckling transition predicted by Lidmar et al. [21] and Widom et al. [22] . Also, Nguyen-Thanh et al. [23] developed an extended isogeometric element formulation (XIGA) based on KirchhoffLove shell theory for through-the-thickness cracks in thin shell structures for the future study on imperfect biopolymer shell. Therefore, the effect of geometrical imperfection on pressured buckling of bio-related spherical shells (such as UCAs and spherical viruses) is essential for understanding their biological functions, which remains a relevant topic to be addressed, see e.g. a recent comprehensive article by Lee et al. [8] .
In an effort for this goal, a refined elastic spherical shell model has been developed in [24] to explore the effect of geometrical heterogeneity and thickness non-uniformity on pressured buckling of biopolymer spherical shells, and this model was employed by Chitnis et al. [6, 7] to study the rupture of UCAs. More recently, using the refined model, imperfection sensitivity for axisymmetric geometrical imperfection based on the axisymmetric mode without mode interaction is studied by Zhang & Ru [25] . However, in more realistic biopolymer spherical shells, both the geometric imperfection and the buckling pattern can be non-axisymmetric. For example, the structural model of spherical viruses shell (capsid) obtained by X-ray crystallography shows the non-axisymmetric geometric imperfection (e.g. fig. 1 in Michel et al. [26] ). Bealle et al. [2] demonstrated that deformation patterns of osmotically induced buckling of capsid-like icosahedral vesicles are non-axisymmetric (see their fig. 3 ). Also, Chitnis et al. [6] showed different buckling modes and the asymmetric rupture of UCAs in their static pressure experiments (see their fig. 3 ), and Yin et al. [27] found various post-bifurcation modes with shape transitions in biomembrane cells. Very recently, the post-buckling behaviour and imperfection sensitivity of shells have been extensively studied numerically and experimentally [8, [28] [29] [30] [31] [32] [33] . In particular, Hutchinson & Thompson [33] investigated the nonlinear non-axisymmetric postbuckling behaviour of a pressured perfect spherical shell. However, it remains an open question how the non-axisymmetric modes and the mode interaction affect the imperfection sensitivity of pressured biopolymer spherical shells especially when a non-axisymmetric imperfection is involved.
The aim of this paper is to study the imperfection sensitivity of pressured biopolymer spherical shells based on non-axisymmetric buckling modes and the associated mode interaction. The methods for imperfection sensitivity of classical elastic spherical shells developed in previous seminal works, e.g. by Hutchinson [34] , Koiter [35, 36] and Budiansky & Hutchinson [37] , will be employed, which were recently validated again by both experiments and finite-element simulations [8] . In §2, the refined shell model formulated in [24] originally for linearized axisymmetric buckling is further developed to study initial post-buckling of a biopolymer spherical shell with non-axisymmetric buckling modes and the mode interaction. In §3, the developed formulation is used to study the non-axisymmetric imperfection sensitivity, and the results are compared to our previous results [25] based on axisymmetric assumption with an emphasis on the influence of key parameters on the non-axisymmetric imperfection sensitivity. Furthermore, the non-axisymmetric imperfection sensitivity is detailed in §4 for two specific types of biopolymer spherical shells (ultrasound contrast agents UCAs and spherical viruses). Finally, main conclusions are summarized in §5.
Post-buckling of a biopolymer spherical shell with the mode interaction
In this section, weakly-nonlinear, non-axisymmetric initial post-buckling of a biopolymer spherical shell is studied based on the refined elastic spherical shell model proposed in [24] initially for linearized axisymmetric buckling of biopolymer spherical shells without mode interaction.
Spherical coordinates ϕ (0 ≤ ϕ ≤ π ), θ (0 ≤ θ ≤ 2π ) and z (−h/2 ≤ z ≤h/2) are used to describe a biopolymer spherical shell of middle surface radius R and average shell thickness h, where the radial coordinate z, whose sign is taken positive outward, indicates the distance of a point in the shell to the middle surface. Based on Sanders' nonlinear kinematic relations [38] and the shear deformation theory of Reddy & Liu [39] , for non-axisymmetric large-deflection post-buckling of an elastic spherical shell, the nonlinear mid-surface strains (including two transverse shear strains e θz , e ϕz and the change in curvatures k ϕ , k θ and k ϕθ ) of a spherical shell are given in terms of the displacements of the middle surface u, v, w and the rotations α, β of the normal of the middle surface in ϕ, θ directions by
Since the classical elastic shell model is inappropriate for biopolymer spherical shells of remarkably high geometrical heterogeneity, in order to develop a yet simple shell model for biopolymer spherical shells, an effective elastic shell model with two additional parameters (G* and h 0 , as defined below) was proposed in [24] , which was used by Chitnis et al. [6, 7] to study the rupture of UCAs. In this refined shell model, based on the isotropic linear stress-strain relation, the in-plane resultant membrane forces, bending moments and transverse shear forces are given by [24] N where E is Young's modulus, µ is Poisson's ratio of the biopolymer shell, k s is the shear coefficient (e.g. 5/6 in Kraus [40] ), G* is the transverse shear modulus, G is the common in-plane shear modulus determined by (E, µ), and the bending stiffnesses of a biopolymer spherical shell are assumed to be determined by an effective bending thickness h 0 as
For a specific isotropic biopolymer shell, the average thickness h can be defined based on its non-uniform geometrical thickness, and then the Young's modulus can be defined based on its actual in-plane elastic modulus. Furthermore, the effective bending thickness h 0 can be calculated by the Young's modulus and its actual bending rigidity measured from experiments or calculated from micro/molecular simulations, see for example Ref. [19, 25] . Thus, with the present refined model, bending behaviour of a biopolymer shell of high heterogeneity can be modelled with the single parameter h 0 . It is known that for some typical biopolymer shells (such as microtubules), transverse shear modulus G* can be much lower than the in-plane shear modulus G, and therefore transverse shear could become significant for shorter-wavelength deformation [41] . For biopolymer spherical shells, because wavelengths are always shorter as compared to the diameter, transverse shear could be relevant and therefore it is assumed here that the transverse shear modulus G* could be different, or even much lower, than the in-plane shear modulus G. Also, the effective bending thickness h 0 can be considerably different from the average shell thickness h [24] . It is the two additional parameters (G*, h 0 ) which distinguish a biopolymer shell of high structural heterogeneity and thickness non-uniformity from a classical elastic shell defined by (E, µ, h).
The nonlinear deformation field of the spherical shell in initial post-buckled state is written as [34, 37] 
where the displacements (u 0 , v 0 , w 0 , α 0 , β 0 ) are pre-buckling deformations. For a perfect spherical shell under a uniform applied external pressure q, this is just a uniform radial displacement [34] ). Here, (u 1 , v 1 , w 1 , α 1 , β 1 ) are the deviations from the pre-buckling state expanded in the linear buckling modes, (u 2 , v 2 , w 2 , α 2 , β 2 ) are the deviations expanded in the second-order buckling modes which are orthogonal to (u 1 , v 1 , w 1 , α 1 , β 1 ), and the omitted terms in the present initial post-buckling analysis are higher-order mode terms which are orthogonal to both (u 1 ,
(a) Non-axisymmetric buckling and post-buckling modes
The equilibrium equations of a spherical shell under a uniform applied external pressure q can be derived from the variational principle [34, 40] 1 2 5) where the first integral on the left side of equation (2.5) is the internal virtual work, while the right side of equation (2.5) 6) where N ϕ0 = N θ0 = N 0 = −qR/2 [24, 34] are the pre-buckling state membrane forces and ((1/R)(∂u/∂ϕ) + (w/R)) and ((u/R) cot ϕ + (1/(R sin ϕ))(∂v/∂θ) + (w/R)) are the linear parts of e ϕ and e θ , respectively, where the pre-buckling state is described by linear membrane theory. The equilibrium conditions of a spherical shell thus take the form
By introducing the displacements (2.4), the mid-surface strains (2.1) and forces and moments (2.2) into the equilibrium equation (2.7), the linearized critical value of the external pressure, as given in the form of (N 0 /Eh) cr , is given by (see detailed procedure in the electronic supplementary material §S1)
Clearly, the critical value (2.8) reduces to the classical formula when transverse shear strains are neglected (G * /G = ∞) and h 0 =h, as shown in [24] .
The general form of the normal deflection expanded in the linear non-axisymmetrical buckling modes (see also details in the electronic supplementary material §S1) is given by
where P n (cos ϕ) is the Legendre-polynomial of degree n,P m n (cos ϕ) is the associated normalized Legendre-polynomial of degree n and order m, and ξ 0 , ξ m , κ m denote total (2n + 1) independent non-dimensional amplitude factors normalized by the average thickness h. The integer n can be determined as the nearest natural number by (see also details in the electronic supplementary material §S1)
Here, it is seen from the representation (2.9) that there are in general (2n + 1) independent and mutually orthogonal linear buckling modes (one of which is axisymmetric, while other 2n are non-axisymmetric) at the same value of the critical buckling load (2.8), although our previous work [25] only considered the axisymmetric linear mode w 1 = −hξ 0 P n (cos ϕ) (with ξ m = κ m = 0).
The expressions of linear deviations (u 1 , v 1 , α 1 , β 1 ) (in terms of w 1 ) and the second-order deviations (u 2 , v 2 , w 2 , α 2 , β 2 ) (the amplitudes of which are fully determined by the amplitudes of the linear deviations) are all determined as equations (S15), (S17) and (S20) in the electronic supplementary material §S1.
(b) Non-axisymmetric post-buckling behaviour
The nonlinear, non-axisymmetric initial post-buckling of a biopolymer spherical shell can be studied using Koiter's general nonlinear theory of elastic stability [35] and the procedure developed in his work on post-buckling behaviour of a complete spherical shell [36] . The potential 
energy criterion can be applied to analyse the buckling and post-buckling behaviour of spherical shells. With the use of equation (2.7), the potential energy for a spherical shell can be given by [34, 40] .
where the first integral on the right-hand side of equation (2.11) is the strain energy, and the second integral is the energy of the applied pre-buckling membrane forces. Thus, with the potential energy equation (2.11) , the increment in the potential energy of the spherical shell due to the bifurcation, from pre-buckling equilibrium state I to an arbitrary state II in the neighbourhood of state I, P[ũ] = P II − P I , is a potential energy functional of the displacement fieldũ
. Therefore, the increment in potential energy due to the bifurcation from state I to state II is obtained as
Equations (2.1), (2.2) and (2.4) are then substituted into equation (2.12) to give in the form
where the subscript denotes the order of the term in the bracket and the first number of a double subscript denotes the order of the first term in the bracket, and the second number denotes the order of the second term in the bracket. The specific expressions of these terms are given in the electronic supplementary material §S2. Firstly, the orthogonality condition (equation (S22) in electronic supplementary material §S1) ensures
; N 0 /(Eh)] vanish for any value of the load N 0 , which can also be confirmed by introducing the deviations (u 1 , v 1 , w 1 , α 1 , β 1 ) (equation (2.9) and equation (S15) in the electronic supplementary material §S1) and (u 2 , v 2 , w 2 , α 2 , β 2 ) (equations (S17) and (S20) in the electronic supplementary material §S1) into equation (S25) in the electronic supplementary material §S2 and calculating with MATHEMATICA when all parameters (k s , μ, R/h, G * /G, h 0 /h) are given and the integer n is obtained by (2.10). Also, by doing this, the
other expressions in the electronic supplementary material §S2 are given by
, (2.14) 
) and C 4ijkl (N 0 /(Eh)) are functions of N 0 /(Eh) and can be calculated easily through MATHEMATICA, and δ is the Dirac's delta symbol. Here, it is noted that equations (2.14) and (2.15) are identical to Koiter's formulae for second-and third-order terms (see equation 4.24 and equation 5.15 in [36] ), and the third-order term A 3 vanishes for buckling modes of an odd degree n. Thus, similar as the axisymmetric case based on the axisymmetric mode without mode interaction [25, 36] , the fourth-order term A 4 (N 0 /(Eh)) is essential for non-axisymmetric post-buckling. Therefore, based on Koiter's [35, 36] general nonlinear theory of elastic stability, the potential energy functional (2.13), which describes the initial post-buckling behaviour of a pressured perfect biopolymer spherical shell, is given by
for both cases when the integer n is an even or odd number.
Non-axisymmetric imperfection sensitivity of an imperfect biopolymer spherical shell
Based on the formulation of non-axisymmetric post-buckling behaviour of a pressured perfect biopolymer spherical shell, let us now study the non-axisymmetric imperfection sensitivity of an imperfect biopolymer spherical shell. For this end, we shall determine the post-buckling equilibrium path as a function of the loading N 0 /(Eh) and the amplitudes of initial imperfection and examine how the equilibrium deflection depends on the initial imperfection. 
2) In the presence of the imperfection (3.1), the expression (2.2) for membrane forces (N ϕ , N θ ) are augmented by terms involving the order ξ 0ξ0 , ξ iξi , κ iκi and higher; similarly, the term
together with other higher orders than ξ 0ξ0 , ξ iξi and κ iκi are added to equation (2.13). Following Koiter [36] , we now limit ourselves to the lowestorder approximation by neglecting all terms of higher orders than ξ 0ξ0 , ξ iξi and κ iκi , thus the potential energy functional which describes the post-buckling behaviour of a pressured biopolymer spherical shell with the imperfection (3.1) is given by
where the specific expression ofĀ 1
Eh is given bȳ
By introducing the deviation w 1 (2.9) and geometric imperfection (3.1) into equation (3.4) and calculating with MATHEMATICA with given parameters (k s , μ, R/h, G * /G, h 0 /h) and the integer n determined by (2.10), we havē 5) where the value of A 1 can be obtained easily through MATHEMATICA. In our previous work [25] , the imperfection sensitivity for an axisymmetric imperfection without considering non-axisymmetric buckling modes and the mode interaction (ξ i =ξ i = κ i = κ i = 0, i = 1, 2, 3, . . . , n) has been studied, and the dependence of the actual maximum load (N 0 /(Eh)) an imperfect biopolymer spherical shell can sustain on the axisymmetric imperfection amplitudeξ 0 is given as equation (38) of [25] . Now, let us investigate the role of non-axisymmetric buckling modes and associated mode interaction by using Hutchinson's method [34] . Interaction between the axisymmetric and non-axisymmetric modes will occur only if the nonlinear coupling coefficients in the third-and fourth-order terms (equations (2.15) and (2.16)) are non-zero (i.e. the argument in Dirac's delta symbol equals 0) [34, 36] . Therefore, as we can see from equations (2.15) and (2.16), two or three or four of these linear buckling modes will interact. Also, it can be verified by MATHEMATICA that the order of the subscript i, j, k or i, j, k, l does not affect the values of these coupling coefficients (e.g. A 40246 (N 0 /(Eh)) = A 40426 (N 0 /(Eh))), which implies that the terms like 15) and (2.16) . Therefore, the effect of mode interaction on the imperfection sensitivity between ξ 0 , ξ 2 , ξ 4 and ξ 6 is same with that between ξ 0 , ξ 2 , κ 4 and κ 6 . Therefore, we shall focus on nonaxisymmetric buckling modes ξ i (i = 1, 2, 3, . . . , n) and the associated mode interaction. For the sake of brevity, similar to the case discussed in Hutchinson [34] , we take two-mode interaction as an example to show this procedure. The interaction between three or four modes follows the similar procedure as shown numerically in figure 2 (the number of the mode interaction can be seen from the legends of figure 2).
Let us firstly consider the axisymmetric imperfection −hξ 0 P n (cos ϕ) and the mode interaction between the axisymmetric mode ξ 0 P n (cos ϕ) and a non-axisymmetric mode ξ m cos mθP m n (cos ϕ) (m = 1, 2, 3, . . . , n) . In this case, the potential energy functional (3.3) becomes
The two equilibrium equations obtained by the first variation of (3.6) with respect to ξ 0 and ξ m , respectively, in terms of N 0 /(Eh), are given by
Before the maximum load is reached, the load increases with the amplitude of the axisymmetric mode (with ξ m = 0) [34] . Then equation (3.7) has three solutions and only one of them reduces to the undeformed shell ξ 0 = 0 at N 0 /(Eh) = 0 and therefore is the physically most significant branch of the solutions (called 'natural branch', [35, 36] ), which is given as an implicit function S 0 determined by solving equation (3.7) with ξ m = 0
The natural branch loses its stability at the critical value of the load N 0 /(Eh) where a bifurcation occurs. For this case, a bifurcation develops when a non-zero ξ m increases, which is determined by solving equilibrium equations (3.7) and (3.8) for ξ 0 and ξ m withξ 0 = 0 (i.e. the equilibrium path for the perfect spherical shell) [34] , and the solution is given by the implicit expressions T 0 and T m as
Following the bifurcation, the load the shell can sustain falls with a deflection consisted of both the axisymmetric and the non-axisymmetric modes. The post-buckling behaviour of such a biopolymer spherical shells is illustrated by figure 1 , where the stable branch is indicated by a solid curve, and the unstable branch by a dashed curve.
Thus, the maximum load the imperfect shell can sustain, denoted by (N 0 * /(Eh)) cr , is the bifurcation pressure determined by cancelling out ξ 0 through equations (3.9) and the first equation of (3.10) and is determined by
Let us now consider a non-axisymmetric imperfection −hξ i cos iθP i n (cos ϕ)(i = 0) and the mode interaction between two non-axisymmetric modes hξ i cos iθP i n (cos ϕ)(i = 0) and hξ j cos jθP (j = i and j = 0). In this case, the potential energy functional (3.3) becomes
The two equilibrium equations obtained by the first variation of (3.12) with respect to ξ i and ξ j in terms of N 0 /(Eh), are given by
and
Before the maximum load is reached, the load increases with the amplitude of the nonaxisymmetric mode hξ i cos mθP i n (cos ϕ) (with ξ j = 0) [34] . Then equation (3.13) has three solutions and only one of them represents the natural branch and is given by an implicit function S i
Bifurcation occurs when a non-zero ξ j develops, which is determined by solving equilibrium equations (3.13) and (3.14) withξ i = 0 (i.e. the equilibrium path for the perfect spherical shell) [34] and the solution is given by the implicit expressions T i and T j as
Following the bifurcation, the load the shell can sustain falls with a deflection consisting of the two non-axisymmetric modes. Thus, the maximum load the imperfect shell can sustain, denoted by (N 0 * /(Eh)) cr , is the bifurcation pressure determined by cancelling out ξ i through equation 18) where (N 0 /(Eh)) cr given by equation (2.8) is the linear critical load, which is also actually the maximum load a perfect shell can sustain. Therefore, the dependence of the knockdown factor λ on the imperfection amplitudeξ 0 orξ i can be obtained based on equations (2.8) (b) Non-axisymmetric imperfection sensitivity of an imperfect biopolymer spherical shell
One major goal of this work is to study how the non-axisymmetric buckling mode and the mode interaction affect the imperfection sensitivity. For this end, let us compare our previous result (eqn (38) of [25] ) based on the axisymmetric assumption to either equation (3.11) for an axisymmetric imperfection with mode interaction or equation (3.17) for a non-axisymmetric imperfection with mode interaction, respectively. From figure 2 , it can be seen that the effect is quite similar for different sets of values of the key parameters R/h, G * /G, h 0 /h. Firstly, it is seen from figure 2a,c,e that, by comparing equation (3.11) with our previous results (eqn (38) of [25] ), the mode interaction has a significant effect on imperfection sensitivity of even a biopolymer spherical shell of an axisymmetric imperfection. Furthermore, the mode interaction between different modes occurs for an axisymmetric imperfection. Figure 2b ,d,f shows how the non-axisymmetric geometric imperfection affects the imperfection sensitivity with the same fourmode interaction. It is seen that the non-axisymmetric imperfection with large wave number in the θ direction (see equation (3.1)) has a greater effect on imperfection sensitivity. Therefore, to compare the mode interaction effect among different key parameters R/h, G * /G, h 0 /h, we consider the combination of the mode interaction and the non-axisymmetric imperfection that has the greatest influence on imperfection sensitivity with the results shown in figure 3 . With fixed values of k s = 5/6, μ = 0.3 and the other parameters, the dependence of the knockdown factor λ defined by (2.8), (3.11) , (3.17) and (3.18) on the imperfection parameterξ 0 orξ i (normalized by average thickness) is shown, respectively, in figure 3a-c for a range of R/h between 10 and 80, in figure 3d-f for a range of G*/G between 0.1 and ∞, and in figure 3g-i for a range of h 0 /h between 0.2 and 2.0. From figure 3 , it can be seen that for most cases of biopolymer spherical shells characterized by different key parameters R/h, G * /G, h 0 /h (which are physically realistic for typical biopolymer spherical shells) shown in figure 3a-h, the difference between the knockdown factor based on the mode interaction and non-axisymmetric imperfection and that predicted by our previous work (eqn (38) of [25] ) based on axisymmetric mode without the mode interaction is around 30%. However, for the case of biopolymer spherical shells characterized by figure 3i , the difference is less than 10% or even smaller when the key parameters R/h and h 0 /h are smaller. Therefore, we can conclude that:
(1) If a relative error less than 10% is acceptable, the imperfection sensitivity based on the simplified axisymmetric analysis as given in our previous work [25] is practically useful under reasonably mild conditions that biopolymer spherical shells have relatively thicker average thickness (defined by moderate radius-to-thickness ratio, say, less than 30) and higher thickness non-uniformity (defined by smaller effective bending thicknessto-average shell thickness ratio, say, less than 0. 
eqn (38) of [25] eqn (3.17)
eqn (38) of [25] eqn (3.11)
eqn (38) of [25] eqn (3.11) eqn (38) of [25] eqn (3.11) eqn (3.17) 
The influence of h 0 /h on the imperfection sensitivity with fixed R/h = 30 and
(2) However, in other more general cases, the relative errors between the results based on the present non-axisymmetric analysis with the mode interaction and that predicted by the simplified axisymmetric analysis can be significant (typically around 30% or even larger).
In such cases, a more accurate non-axisymmetric analysis with the mode interaction is required.
For some cases considered here, the non-axisymmetric modes and the associated mode interaction can have a significant effect, in a non-trivial way, on imperfection sensitivity of pressured biopolymer spherical shells. This justifies the relevance of the present nonaxisymmetric analysis of imperfection sensitivity. 
(c) Influence of the two parameters (G*, h 0 ) on imperfection sensitivity With the refined model, it is the two additional parameters (G*, h 0 ) which distinguish a biopolymer shell of high structural heterogeneity and thickness non-uniformity from a classical elastic spherical shell defined by (E, μ, h, R). Therefore, it is worth investigating how the high geometric heterogeneity, defined by the key parameters R/h, G * /G, h 0 /h in the refined shell model, affects the non-axisymmetric imperfection sensitivity of a pressured biopolymer spherical shell. As shown in figure 3 , it can be concluded that (1) Within the range of R/h between 10 to 80 (which is realistic for typical biopolymer spherical shells), the parameter R/h has only a moderate effect on the non-axisymmetric imperfection sensitivity. ( 2) The effect of G*/G on the non-axisymmetric imperfection sensitivity is negligible when G*/G varies within a physically realistic range (say, between 0.1 to ∞) for biopolymer spherical shells. (3) The parameter h 0 /h has a greater impact on the imperfection sensitivity. Therefore, the thickness non-uniformity of biopolymer spherical shells could be mainly responsible for the non-axisymmetric imperfection sensitivity.
These conclusions are qualitatively similar to those obtained in our previous work on axisymmetric buckling of biopolymer spherical shells with axisymmetric imperfections [25] .
Here it should be stated that our results shown in figure 3 (in which the knockdown factor is extremely sensitive to vanishingly small imperfections and monotonically decreases with increasing amplitude of imperfection) are qualitatively consistent with those of Lee et al. [8] (e.g. see their figs 4 and 6), Hutchinson [31] (e.g. see his fig. 7 ) and Jimenez et al. [32] (e.g. see their fig. 2 ) for small-amplitude imperfections. Since the present weakly nonlinear initial postbuckling analysis with small-amplitude imperfection/deflection cannot be applied to arbitrarily large imperfections, our results shown in figure 3 cannot be compared to those of Lee et al. [8] , Hutchinson [31] and Jimenez et al. [32] for sufficiently large amplitude of imperfections (where it is found that the knockdown factor approaches a constant limit value for sufficiently large amplitude of imperfections).
Imperfection sensitivity of specific biopolymer spherical shells
In this section, the effect of the non-axisymmetric buckling mode and mode interaction on imperfection sensitivity is studied for two typical biopolymer spherical shells: UCAs and spherical viruses. The physically relevant parameters for UCAs and spherical viruses are shown in tables S1 and S2 in the electronic supplementary material, respectively. The actual maximum load an imperfect biopolymer spherical shell can sustain will be evaluated and compared to the prediction obtained in our previous study [25] based on the axisymmetric mode without mode interaction.
(a) Imperfection sensitivity of polymer-shelled ultrasound contrast agents First, let us examine polymer-shelled UCAs, with the relevant parameters shown in table S1 (in the electronic supplementary material) suggested by Chitnis et al. [7] for the refined shell model (also see details in Zhang & Ru [25] ). Two kinds of polymer-shelled UCAs, named by two manufacturers (Point and Philips), are employed in their study. Figure 4 shows the imperfection sensitivity based on the present non-axisymmetric analysis for polymer-shelled UCAs of an axisymmetric imperfection (figure 4a) and a non-axisymmetric imperfection (figure 4b), respectively. From figure 4 , it is seen that the present non-axisymmetric analysis makes the maximum load reduced to approximately 40% (see the marks in figure 4 and table 1 ) of that of a perfect spherical Point UCAs shell, or to approximately 2-15% (see the marks in figure 4 (b) Imperfection sensitivity of spherical virus shells
Next, let us examine the imperfection sensitivity with physically relevant parameters (shown in table S2 in the electronic supplementary material) (also see details in [25] ) for some typical spherical viruses which are divided into four groups based on the parameters (R/h, G * /G, h 0 /h) and the non-dimensional imperfection amplitudeξ 0 orξ i . The results shown in figure 5 are obtained based on the data in table S2 in the electronic supplementary material. From figure 5 , it is concluded that the present non-axisymmetric analysis makes the actual maximum load reduced to 25-40% (see the marks in figure 5 and table 2) of that of a perfect spherical virus shell, which is around 30% lower than the prediction obtained in our previous work (see fig. 6 in Zhang & Ru [25] and 
Conclusion
The present work studies the effect of non-axisymmetric buckling modes and the associated mode interaction (up to four-mode interaction considered) on imperfection sensitivity of pressured buckling of geometrically heterogeneous biopolymer spherical shells. Our results show that the maximum load (or the so-called 'knockdown factor') predicted based on the present nonaxisymmetric buckling modes with the mode interaction can be significantly lower than those predicted based on the axisymmetric mode without the mode interaction. For example, with physically realistic parameters for typical imperfect biopolymer spherical shells, the maximum load predicted by the present non-axisymmetric analysis drops to approximately 25%-40% of that of a perfect spherical virus shell, which is about 30% lower than the previous estimation based on axisymmetric mode without the mode interaction. Therefore, imperfection sensitivity of pressured buckling of biopolymer spherical shells can be significantly influenced by nonaxisymmetric imperfections and non-axisymmetric modes with the mode interaction, although this influence can be relatively small (say, with a relative error less than 10%) for those biopolymer spherical shells with moderate radius-to-thickness ratio (say, less than 30) and smaller effective bending thickness (say, less than 0.2 times average shell thickness). This justifies the relevance of non-axisymmetric imperfection sensitivity with the mode interaction for biopolymer spherical shells of high geometric heterogeneity.
